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Abstract 
 
Proofs of two statements are provided in this paper. First, the authors prove that the for-
malism of the pseudo-Hermitian quantum mechanics allows describing the Dirac particles mo-
tion in arbitrary stationary gravitational fields. Second, it is proved that using the Parker weight 
operator and the subsequent transition to the η -representation gives the transformation of the 
Schrödinger equation for nonstationary metric, when the evolution operator becomes self-
conjugate. The scalar products in the η -representation are flat, which makes possible the use of a 
standard apparatus for the Hermitian quantum mechanics.  
Based on the results of this paper the authors draw a conclusion about solution of the 
problem of uniqueness and self-conjugacy of Dirac Hamiltonians in arbitrary gravitational fields 
including those dependent on time.  
The general approach is illustrated by the example of Dirac Hamiltonians for several sta-
tionary metrics, as well as for the cosmologically flat and the open Friedmann models.  
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1. INTRODUCTION 
 
In paper [1] we considered the issue of uniqueness and Hermiticity of Hamiltonian for a 
Dirac particle in weak stationary gravitational field. The relations for Hamiltonians in three sys-
tems of tetrad vectors were analyzed using the example of the field described with the Kerr solu-
tion: for the system of tetrad vectors used in papers [2]-[4]; for the Killing system of tetrad vec-
tors and for the system of tetrad vectors in the so-called symmetric gauge. It was shown that all 
the occurring Hamiltonians can be considered using the methods of pseudo-Hermitian quantum 
mechanics; at that the Hamiltonian in the so-called η -representation2 has the form of Hη , coin-
cident with the Hamiltonian Hη , occurring during the choice of the system of tetrad vectors, 
used in papers [2]-[4]. The independence of Hamiltonian Hη  in the η –representation on the 
choice of one of the three systems of tetrad vectors, discovered in [1], does not make it possible 
to claim that this independence is preserved in the general case as well. Nevertheless, basing on 
the results of the discussions in [1] we put forward a hypothesis that the Hamiltonian Hη  in the 
η -representation does not depend on the choice of the system of tetrad vectors at all. The addi-
tional proof of our supposition was obtained at the analysis of the Parker scalar product [5], [6].  
We discovered, that at any choice of the system of tetrad vectors the Hamiltonian Hη  is 
expressed via the weight operator 
 ρ η η+= , (1) 
used in the Parker scalar product.  
During the proving of the Hamiltonian Hermiticity and uniqueness in paper [1] a number 
of constraints were used. First, the gravitational fields were considered to be weak and station-
ary. In virtue of this the paper [1] does not suggest a conclusion that the Hamiltonian in the η -
representation is unique in the case of general gravitational fields. Second, we did not observe a 
connection of the operator η  with the choice of the system of tetrad vectors used for the descrip-
tion of the Dirac particle dynamics.  
In the present paper we eliminate these gaps. Here the issue of uniqueness and self-
conjugacy of Dirac Hamiltonians is considered with regard to arbitrary gravitational fields, in-
cluding those dependent on time.  
                                                 
2 The designations used in [1] are also used in this paper; additional comments on the designations are giv-
en in Sections 2, 3. 
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2. FORMALISM OF PSEUDO-HERMITIAN QUANTUM MECHANICS  
 
When we describe the formalism of the pseudo-Hermitian quantum mechanics we follow 
the works [7]-[9]. The condition of pseudo-Hermiticity of the Hamiltonians assumes the exis-
tence of an invertible operator ρ  satisfying the relationship 
 1H Hρ ρ − += . (2) 
If there exists an operator η  satisfying the relationship   
 ρ η η+= , (3) 
then for the Hamiltonians independent on time we get a Hamiltonian in the η -representation  
 1H H ,Hη ηη η− += =  (4) 
which is self-conjugate with the spectrum of eigenvalues coincident with the spectrum of the ini-
tial Hamiltonian H . 
The wave function ψ  for the initial Hamiltonian satisfies the equation  
 i H
t
ψ ψ∂ =∂ , (5) 
the wave function Ψ  in the η -representation satisfies the equation  
 1Hi H
t η
η η−∂Ψ = Ψ = Ψ∂ , (6) 
 ηψΨ = . (7) 
The system of units 1с= ==  is used in the expressions (5), (6) and in the expressions be-
low.  
The scalar product in the initial representation a priori equals to  
 ( )3, d xρϕ ψ ϕ ρψ+= ∫ . (8) 
For the wave function in the η -representation the scalar product has a form standard for the 
Hermitian quantum mechanics (flat scalar product):   
 ( ) ( )3, d x +Φ Ψ = Φ Ψ∫ . (9) 
It is evident that with account for (3), (7) the scalar products of (8) and (9) are: 
 ( ), ,ρϕ ψ = Φ Ψ . (10) 
In paper [1] we also studied the connection of the scalar product of (8) with the Parker 
scalar product proposed in papers [5], [6]. In the result we discovered that for the three Hamilto-
4 
 
nians of Kerr solutions with different choices of the systems of tetrad vectors, the operator ρ  in 
the expression (8) coincides with the weight operator in the Parker scalar product (1). In Section 
4 of this paper this connection is established in the general case for the Dirac Hamiltonian in ar-
bitrary stationary gravitational field with the satisfaction of the pseudo-Hermiticity condition (2). 
In the general case of the gravitational fields dependent on time the condition (2) is not 
satisfied. However, and in this case the transition to the η -representation is possible with the ob-
taining of a unique and self-conjugate Hamiltonian with the corresponding flat scalar product. 
These issues are discussed in Section 6 of this paper.  
In Section 8 the algorithm discussed in Sections 6, 7 is used for obtaining self-conjugate 
Dirac Hamiltonians for several stationary metrics, as well as for nonstationary ones of the cos-
mologically flat and open Friedmann models.  
In the Conclusion the results of this work are discussed. 
3. REDUCTION OF THE DIRAC EQUATION TO THE FORM OF THE 
SCHRÖDINGER EQUATION  
 
First, we recall the thread of the corresponding argument and introduce the designations. 
The tetrad vectors are determined by the relations  
 H H gμ να β μν αβη= , (11) 
where  
 [ ]diag 1,1,1,1αβη = − . (12) 
Three more systems of tetrad vectors Hαμ , H
αμ , H αμ , can be introduced along with the 
system of tetrad vectors H μα , which differ from H
μ
α  by the place of the global and local (under-
lined) indices. Raising and lowering the global indices is performed using the metric tensor gμν  
and the inverse tensor g μν ; the local indices are raised and lowered using the tensors αβη , αβη .  
It is assumed that the particle motion is described by the Dirac equation, which in the sys-
tem of units 1c= ==  is written as  
 0m
x
α
αα
ψγ ψ ψ∂⎛ ⎞+Φ − =⎜ ⎟∂⎝ ⎠ . (13) 
Here m is the particle mass, ψ  represents the four-component “column” bispinor,  αγ  are 
the 4 4×  Dirac matrices, which satisfy the relation   
 2g Eα β β α αβγ γ γ γ+ = . (14) 
In (14) E  represents a 4 4×  unity matrix.  
Covariant derivative of bispinor αψ∇  is in the parenthesis in (13) , 
5 
 
 
xα αα
ψψ ψ∂∇ = +Φ∂ . (15) 
The bispinor connectivity αΦ  is included into the construction (15) for αψ∇ ; some cer-
tain system of tetrad vectors H μα  determined by the relation (11), should be fixed to retrieve αΦ . 
After that the quantity αΦ  can be expressed via the Christoffel derivatives of the tetrad vectors 
as follows (the Christoffel derivatives are denoted by semicolon): 
 ;
1
4
H H Sε μνα μ νε αΦ = − . (16) 
The expression for S μν  in (16) is determined below – see the formulae (20). The bispinor con-
nectivity αΦ  in the form of (16) provides the invariance of the covariant derivative αψ∇  with 
respect to the transition from one system of tetrad vectors to another.  
In what follows, we will use Dirac matrices with local indices αγ  along with Dirac matri-
ces with global indices αγ . The connection between αγ  and αγ  is determined by the relation  
 H βα αβγ γ= . (17) 
It follows from (17), (14), (11) that 
 2 Eβ β αβα αγ γ γ γ η+ = . (18) 
In terms of the matrices αγ  the Dirac equation (13) can be written as follows: 
 0H m
x
μα
μ αα
ψγ ψ ψ∂⎛ ⎞+Φ − =⎜ ⎟∂⎝ ⎠ . (19) 
It is convenient to choose the quantities αγ  so that they had the same forms in all local 
frames of reference. Both the systems αγ  and αγ  can be used for building the complete system 
of 4 4×  matrices. An example of a complete system is shown below:  
 ( ) 5 0 1 2 3 51, , , ,2E Sα αβ α β β α αγ γ γ γ γ γ γ γ γ γ γ γ≡ − ≡ . (20) 
Any set of Dirac matrices provides for several discrete automorphisms.We restrict our-
selves to the automorphism 
 1D Dα α αγ γ γ+ −→ = − . (21) 
The matrix D  will be called anti-Hermitizing. 
The relations (13), (5) suggest that the initial Hamiltonian has the form: 
 ( ) ( ) ( )0 0 0000 00 00k k kkim i iH ixg g gγ γ γ γ γ∂= − + − Φ + Φ∂− − − . (22) 
The operator H  (22) has the meaning of the evolution operator for the Dirac particle wave func-
tion within the chosen global reference frame.  
Hereafter we will use the following relations (see, for example, [1]):  
 0 0 0 0,α α α αγ γ γ γ γ γ γ γ+ += = , (23) 
 ( ) 0 0α αγ γ+Φ = Φ , (24) 
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 0 0 00 0 0,g Eγ γ γ γ= = − . (25) 
The covariant derivatives of the Dirac matrices are zero:  
 ; , 0μ α α μ μ αγ γ γ −⎡ ⎤∇ = + Φ =⎣ ⎦ . (26) 
4. FULFILLMENT OF THE CONDITION OF PSEUDO-HERMITICITY WITH 
PARKER WEIGHT OPERATOR  
 
When the system of tetrad vectors and the external gravitational field are chosen arbitrar-
ily the Dirac Hamiltonian is written in the form of (22). Now let us show, in the general form, in 
what cases the condition of pseudo-Hermiticity (2) is fulfilled at the use of Parker weight opera-
tor 
 00gρ γ γ= − . (27) 
Direct verification shows that the inverse operator 1ρ−  has the form  
 ( )1 0 000
1
g g
ρ γ γ− = − − . (28) 
It is easy to get the evidence that the operator (27) is Hermitian.  
 0 0 00 0 0 0 0 0 0g g gρ γ γ γ γ γ γ γ γ γ γ ρ+ + += − = − = − = . (29) 
Now let us check the fulfillment of the condition (2) for the Hamiltonian (22) using the 
operators (27), (28). Let us determine the difference  
 1 1 2 3 4H Hρ ρ+ −Δ ≡ − = Δ + Δ + Δ + Δ , (30) 
where 1 2 3 4, , ,Δ Δ Δ Δ  are defined by the corresponding summands of the Hamiltonian (22). 
 ( ) ( ) ( )
( ) ( )
0 0 0
1 0 000 00 00
0 0
0 0 0 000 00
1 1
1 1 0;
im img
g g gg
im im
g g
γ γ γ γ γ
γ γ γ γ γ γ
+⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟Δ = − − − − =⎜ ⎟ ⎜ ⎟− − −−⎝ ⎠ ⎝ ⎠
= − =− −
 (31) 
 ( ) ( ) ( )
( ) ( ) ( ) ( )
0 0 0 0
2 0 000 00 00
0 0
0 0 0 000 00
1 1
1 1 1 ;
2
k k
k k
k
k
k k
i ig
x xg g gg
g
i i
x g xg g
γ γ γ γ γ γ γ γ
γγ γ γ γ γ γ γ
+⎛ ⎞ ⎛ ⎞∂ ∂⎜ ⎟ ⎜ ⎟Δ = − − =⎜ ⎟ ⎜ ⎟∂ ∂− − −−⎝ ⎠ ⎝ ⎠
∂ −⎛ ⎞∂= − −⎜ ⎟∂ − ∂− −⎝ ⎠
 (32) 
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( ) ( ) ( )
( )
0 0
3 0 0 0 000
0 0
0 ;0 000
1 1
1 ;
i g i
gg
i
g
γ γ γ γ
γ γ γ γ
+Δ = − Φ − − − Φ =−−
= −
 (33) 
 ( ) ( ) ( )
( )
0 0 0 0
4 0 000 00 00
0
0 ; 000
1 1
1 .
k k
k k
k
k
i ig
g g gg
i
g
γ γ γ γ γ γ γ γ
γ γ γ γ
+⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟Δ = Φ − − Φ =⎜ ⎟ ⎜ ⎟− − −−⎝ ⎠ ⎝ ⎠
= −
 (34) 
Substituting the derived expressions (31)-(34) for 1 2 3 4, , ,Δ Δ Δ Δ  in (30) gives: 
 
( ) ( )
( )
( ) ( )
( ) ( ) ( )
0
1 0 0
0 0 0 000 00
0
0 000
0
0
0 000
1 1
1 1
2
1 1 .
2
k
k
H H i i
tg g
g
i
g x g
g
i
t g tg
με γρ ρ γ γ γ γ γ γ γμ ε
γ γ γ γ
γγ γ γ
+ − ⎛ ⎞ ∂Δ = − = + −⎜ ⎟ ∂− −⎝ ⎠
∂ −− =− ∂ −
⎛ ⎞∂ −∂= −⎜ ⎟⎜ ⎟∂ − ∂−⎝ ⎠
 (35) 
The relation given below was used in (35) for deriving the final expression  
 ( )
( )1
2
g
g xμ
ε
μ ε
∂ −⎛ ⎞ =⎜ ⎟ − ∂⎝ ⎠ . (36) 
The expression (35), as it follows from its deriving, is true in the general form, since no 
any particular suppositions about metric and system of tetrad vectors has been made.  
The right-hand part of the relation (35) includes the time derivatives of the metric deter-
minant and of the Dirac matrices 0γ . Therefore, if these two classes of quantities do not depend 
on time, then in the case of stationary gravitational fields the pseudo-Hermiticity condition (2) is 
automatically fulfilled for the Hamiltonian (22). An analogous statement has been proved in [1], 
but now in this paper this statement is referred to any choice of the system of tetrad vectors and 
to any stationary gravitational field rather than to three systems of tetrad vectors and to weak 
Schwarzschild and Kerr solution fields only, which were considered in  [1].  
In the subsequent discussion we will need to write the relation (35) in the system of tetrad 
vectors in the Schwinger gauge (see Section 5). At the transition to this system the relation (35) 
gets changed – the matrix ( )0 xγ  should be replaced by ( )0 xγ  according to the equality 
( )0 00 0x gγ γ= − . Thus,  
 
00ln ln .g gi i
t t
∂ − ∂ −Δ = +∂ ∂  (37) 
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Note, that the condition (2) can be fulfilled in some special cases when  
 ( ) ( )
( )0 0
00
1 1
2
g
t g tg
γ γ ∂ −∂ =∂ − ∂− . (38) 
When the pseudo-Hermiticity condition (2) is fulfilled according to (3)-(10), the transi-
tion to the η  - representation allows obtaining the self-conjugate Hamiltonian (4) with flat scalar 
product (9) and with the eigenvalue spectrum coincident with the spectrum of initial Hamiltonian 
H . 
 Now let us show the uniqueness of the Hamiltonian Hη  determined by the expression(4). 
5. UNIQUENESS OF THE HAMILTONIAN Hη  
 
5.1. SYSTEM OF TETRAD VECTORS IN THE SCHWINGER GAUGE  
 
In paper [10] Schwinger derived a system of tetrad vectors ( ){ }H xμα , where the vector 
0Hα  contained the following components : 
 0 00 0; 0kH H≠ =  . (39) 
In view of the fact that this system is particularly important, now we are going to system-
atically describe the procedures and the implications connected with the introduction of  (39). 
Suppose, that in the considered four-dimensional Riemann space with the signature 
( )− + + +  the chosen global reference frame is { }xα , and in this system the field of metric tensor  
( )g xαβ  is specified. Then we suppose that a tangent Minkowski space, a system of tetrad vec-
tors ( ){ }H xμα  and a system of tetrad Dirac matrices { }αγ  constant over the whole space are in-
troduced in each point of the space. The global system of Dirac matrices ( ){ }xαγ  is connected 
with the system { }αγ  via the relation (17).  
In the three-dimensional sub-space we introduce the tensor  
 
0 0
00
m n
mn mn g gf g
g
≡ − . (40) 
Using the equalities followed from the relations g gεβ βαε αδ=  shows that the tensor mnf  is an in-
verse tensor to mng  in the three-dimensional sub-space, i.e. it meets the relations  
 ( ), det 0pn n mnmp mg f fδ= ≠ . (41) 
In the three-dimensional space we introduce an orthonormal system of tetrad vectors { }nmH , such 
as those, which satisfy the relations  
 ( ) ( ) ( ) ( ) ( )pqm n m n mnp q p pH x H x H x H x f xη ≡ =    . (42) 
Now we introduce a vector ( )00 0 0, kH H Hα =    with the components 
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0
0 00
0 0 00
;
k
k gH g H
g
= − = − −
   (43) 
and three four-dimensional vectors  ( )kH xμ  with the components  
 ( ) ( )0 0, mk kH x H x=  . (44) 
( )mkH x  represents the vectors which satisfy the relations (42). Then the system of four vectors 
( ) ( ) ( ){ }0 , kH x H x H xμ μ μα =    is a system of tetrad vectors in the Schwinger gauge. 
First we show that the introduced vectors compose a system of tetrad vectors in a four-
dimensional space, i.e. meet the constitutive relations  
 ( ) ( ) ( )H x H x g xαβμ ν μνα β η =  . (45) 
Now let us write the components of (45) to prove the above said:  
 
0 0 0 0 00
0 0
0 0 0
0 0
0 0
k k
m m m
k k
m n m n mn
k k
H H H H g
H H H H g
H H H H g
⎫− + = ⎪⎪− + = ⎬⎪− + = ⎪⎭
   
   
   
. (46) 
The relations in the first and in the second lines in (46) are obviously satisfied after the 
values of the components (43), (44) are substituted in them. After (43) is substituted into the 
third line of (46) we get 
 
0 0
00
m n
m n mn
k k
g gH H g
g
= −  . (47) 
In the right-hand part of (47) the tensor mnf  introduced above can be found. The equali-
ties (47), as well as all the relations (46), are fulfilled because of the vectors { }nmH  were chosen 
so that they satisfied the relation (42).  
The method of construction makes it clear that the systems of tetrad vectors in the 
Schwinger gauge are determined with the accuracy up to local spatial rotations in three-
dimensional sub-spaces which do not affect the vector 0H
α  with the components (43). At the 
same time the expression for the vector 0Hα  is unique.   
The system of tetrad vectors in the Schwinger representation can be used for building 
global Dirac matrices. If we designate the Dirac matrices corresponding to ( ){ }H xμα  via 
( ){ }xαγ , then according to the general relation (17) we get 
 ( ) ( )x H x μα αμγ γ=  . (48) 
Using the relations (43), (44), we get from (48) the following: 
 
( ) ( ) ( )
( ) ( ) ( )
0 0 0 0 00 0
0
0
0
,
.k k k mm
x H x H x g
x H x H x
μ
μγ γ γ γ
γ γ γ
⎫= = = − ⎪⎬= + ⎪⎭
 
 
 (49) 
The upper line implies that the matrix ( )0 xγ  coincides with 0γ  with the accuracy up to the mul-
tiplier. This feature distinguishes the system of tetrad vectors in the Schwinger gauge among the 
other systems.  
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Note, that when the system of tetrad vectors in the Schwinger gauge is built not all vec-
tors included into the system ( ){ }H xμα  are defined unambiguously. The relations (43) define the 
vector ( )00 0 0, kH H Hα =    unambiguously. As for the vectors { }nmH , the relations (42) define them 
with the accuracy up to the spatial rotations in the space with the metric tensor mng  and inverse 
metric tensor mnf . Since these rotations does not affect the vector 0H
α , the generators of spatial 
rotations commutate with 0γ , and, hence, are the combinations of the matrices 2 3 3 1 1 2, ,γ γ γ γ γ γ . 
5.2. CONNECTION BETWEEN THE ARBITRARY SYSTEM OF TET-
RAD VECTORS ( ){ }H xμα  AND THE SYSTEM OF TETRAD VECTORS IN 
THE SCHWINGER GAUGE ( ){ }H xμα  
 
Two arbitrary systems of tetrad vectors in one and the same space are mutually connected 
by Lorentz transformation. In our case the connection between the systems ( ){ }H xμα  and 
( ){ }H xμα  is written as  
 ( ) ( ) ( )H x x H xβμ μα α β= Λ . (50) 
The quantities ( )xβαΛ , included into (50), satisfy the relations  
 
( ) ( )
( ) ( )
x x
x x
μ αβ μνν
α β
μ ν
α β μν αβ
η η
η η
⎫Λ Λ = ⎪⎬Λ Λ = ⎪⎭
. (51) 
Now we performe the Lorentz transformation of the tetrad vectors ( ){ }H xμα  so that they coin-
cided with ( ){ }H xμα , i.e. perform transformation of (50). At the transformation (50) the Dirac 
matrices ( )xαγ  and αγ  are transformed under the following rule:  
 ( ) ( ) ( ) ( )1x L x x L xα αγ γ −= , (52) 
 ( ) ( ) ( )1L x L x xβα αβγ γ −⎡ ⎤= Λ⎣ ⎦  (53) 
The matrices L , 1L−  in (52), (53), are defined from the condition of invariance of the Dirac ma-
trices αγ  during the transformations (53), i.e. from the condition 
 ( ) ( ) ( )1L x L x xβα αβγ γ− = Λ . (54) 
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Since we are performing a Lorentz transformation, so that the system ( ){ }H xμα  coincides with 
the system ( ){ }H xμα , then the quantities ( )xαβΛ  in (54) should be assumed to equal to the cor-
responding quantities in (50). Note, that in our case the matrices L , 1L−  satisfy the relation  
 ( ) ( ) ( )0 1 00 0L x x L x gγ γ− = − , (55) 
which follows from the equalities (49) and (52). 
 The connection between the Hamiltonians (22) of the Schrödinger equation in an arbi-
trary gravitational field with the system of tetrad vectors  ( ){ }H xμα  and ( ){ }H xμα  according to 
(49)-(53) is written in a standard form  
 1 1LH LHL i L
t
− −∂= + ∂
 . (56) 
For stationary gravitational fields the Hamiltonian H  and the matrix L  do not depend on time, 
so the Hamiltonian in the Schwinger gauge is written as  
 1H LHL−= . (57) 
Now we provide the explicit form of the matrix ( )L x , satisfying the relation (55). 
It is known that the Lorentz transformations can be unambiguously represented in the 
form of a product or boost transformation (Hermitian factor) by spatial rotation (unitary factor), 
either vice versa in the form of a product of the spatial rotation (unitary factor) by the boost 
transformation (Hermitian factor). This type is unambiguously factorized. Let us employ such 
factorization; we substitute  (17) and (48) into (52) for ( )0 xγ . In the result it turns out that the 
matrix ( )L x  is written in the following form: 
 
( )
( )
( )
( )
0 0 0 0
2 2
0 0 0 0
( ) exp ch sh
2 2 21 1
H H S H H S
L x R R
H H H H
μ ν μ ν
μν μν
ε ε
ε ε
θ θ θ⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= ⋅ ⋅ = ⋅ + ⋅⎨ ⎬ ⎨ ⎬⎪ ⎪ ⎪ ⎪− −⎩ ⎭ ⎩ ⎭
 
 
. (58) 
Here R  represents the spatial rotation matrix, commutating with the matrix 0γ . Another factor 
in (58) represents the hyperbolic rotation transformation (i.e. the boost) about the angle θ , de-
termined from the relation  
 
( )
( )
0 0
0 0
1
th
2 1
H H
H H
ε
ε
ε
ε
θ +=
−

 . (59) 
The relation 
 ( ) ( ) ( ) ( )0 1 0x L x x L xγ γ−=   (60) 
with account for (49) is written as 
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 ( ) ( )( ) ( )
( )
( )
0 0 0 00 00 0
2 2
0 0 0 0
ch sh exp
2 2 21 1
H H S H H S
x g x
H H H H
μ ν μ ν
μν μν
ε ε
ε ε
θ θ θγ γ
⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= − ⋅ − ⋅⎨ ⎬ ⎨ ⎬⎪ ⎪ ⎪ ⎪− −⎩ ⎭ ⎩ ⎭
 
 
. (61) 
The relation (61) implies, that ( )L x  is a matrix transforming ( )0 xγ  into  00 0g γ− ,  
 0 1 00 0L L gγ γ− = − . (62) 
5.3. SENSE OF THE OPERATOR η  AT THE USE OF THE PARKER 
WEIGHT OPERATOR  
 
Substituting (27) into (62) with account for such properties of the matrices L  as 
 1 10 0 0 0,L L L Lγ γ γ γ− + + −= − = − , (63) 
gives: 
 0 000g g g L Lρ γ γ += − = − − ⋅ . (64) 
The unitary matrix R , included into the matrix L  according to (58), is reduced in the 
product L L+ ⋅  and does not affect the quantity ρ .  
We can see that the operator ρ  can be written in the form (1), i.e. as  
 ρ η η+= . (65) 
At that the operator η  is proportional to the Lorentz transformation of L , which transforms 
( )0 xγ  into 00 0g γ−  according to (62) , 
 ( ) ( )1/41/4 00g g Lη = − − ⋅ . (66) 
In case of using the system of tetrad vectors in the Schwinger gauge the operator η , de-
fined by the relation (66), turns out to be equaling  
 ( ) ( )1/41/4 00g g Eη = − − ⋅ . (67) 
 
5.4. UNIQUENESS OF THE HAMILTONIAN Hη  IN THE CASE OF STATION-
ARY GRAVITATIONAL FIELDS  
 
According to (4), (66) the Hamiltonian in the η  - representation can be written in the 
form  
 1 1 1H H LHLη η η η η− − −= =   . (68) 
Now let us chose the matrix ( )L x  to have ( )0 00 0x gγ γ→ −  (see (60)-(62)). Then, ac-
cording to (57) 1LHL H− =   and the expression (68) equals 
 1H HHη ηη η−= =   . (69) 
For any system of tetrad vectors, after such operations will be obtained one and the same 
self-conjugate Hamiltonian (69) in the η -representation. It proves the uniqueness of the Hamil-
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tonian (69). This result confirms the results of the paper [1], in which for three systems of tetrad 
vectors after transition to the η -representation has been obtained one and the same self-
conjugate Hamiltonian coincident with the Hamiltonian Hη  for the system of tetrad vectors in 
the Schwinger gauge. 
 
6. SELF-CONJUGACY AND UNIQUENESS OF THE DIRAC HAMILTONIANS 
IN THE TIME-DEPENDENT GRAVITATIONAL FIELDS  
 
Time-dependent gravitational fields do not satisfy the conditions of pseudo-Hermiticity 
of the Hamiltonians  (2), (35). 
However, the transition from the initial representation of the Dirac Hamiltonian H  to the 
η -representation allows obtaining the self-conjugate and unique Hamiltonian H Hη η+=  with the 
corresponding flat scalar product ( ),Φ Ψ , in the general case of the time-dependent gravitational 
field.   
In fact, in the general case the Hamiltonian H  in the equation (5) depends on time  
 ( )i H t
t
ψ ψ∂ =∂ . (70) 
In this case the wave function Ψ  in the η -representation satisfies the equation   
 ( )1 1Hi H it tη ηη η η− −∂Ψ ∂⎛ ⎞= Ψ = + Ψ⎜ ⎟∂ ∂⎝ ⎠ , (71) 
where we still have 
 ηψΨ = . (72) 
Now let us show the uniqueness of the Hamiltonian Hη  in the equation (71). Using (66), 
(67) gives 
 
1 1
1 1 1 1
H
.
H i
t
LLHL i L i
t t
η
ηη η η
ηη η η
− −
− − − −
∂= + =∂
∂ ∂⎛ ⎞= + +⎜ ⎟∂ ∂⎝ ⎠
  
 (73) 
We choose the transformation ( )L x  so that ( )0 00 0x gγ γ→ −  (см. (60)-(62)). Then according 
to (56) we have 
 1 1 ,LLHL i L H
t
− −∂+ =∂
  (74) 
 1 1H H i
tη
ηη η η− −∂= + ∂
   . (75) 
For any system of tetrad vectors, after the specified operations we will have one and the same 
Hamiltonian Hη  (75), what proves its uniqueness.  
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Now let us prove that the Hamiltonian Hη  in (74) is self-conjugate ( H Hη η
+= ). 
 ( ) ( ) ( ) ( )1 1 1 1H .H i H it tη η ηη η η η η η
+ ++ +++ − − − + −∂ ∂⎛ ⎞= + = −⎜ ⎟∂ ∂⎝ ⎠
         (76) 
For the system of tetrad vectors in the Schwinger gauge the relation (35) becomes equal 
 ( ) ( ) ( ) ( )
( )
( )
( )
( )
1
1 11 100 00 0 00 02 42 4
00
1
00
;
; ; ;
1 1 1 2 .
2
H H
g g g g g
g g
i i
t g t tg
ρ ρ
ρ η γ γ
ηη
+ −
−
= + Δ
= − − = − − = −
⎛ ⎞∂ − ∂ − ∂Δ = + =⎜ ⎟⎜ ⎟∂ − ∂ ∂−⎝ ⎠
  
  
 
 (77) 
Then the expression (76) equals 
 ( )1 1H HH i tη ηηη η η+ − −∂= + =∂    . (78) 
The scalar product in the η -representation is still flat and equals the initial one ( ), ,ρϕ ψ = Φ Ψ . 
7. ALGORITHM FOR FINDING THE HAMILTONIAN IN THE η -
REPRESENTATION   
 
Basing on the results of this work we can formulate the rules of finding the Hamiltonian 
in the η -representation for the Dirac particle in arbitrary gravitational field. The a priori infor-
mation which we consider to be known is the information about the metric tensor ( )g xαβ , Chris-
toffel symbols 
λ
αβ
⎛ ⎞⎜ ⎟⎝ ⎠ , local metric tensor αβη  and local Dirac matrices { }αγ . The specified rules 
consist in the following:   
1) For the gravitational field described by the metric ( )g xαβ , it is necessary to find a 
system of tetrad vectors ( ){ }H xαμ , satisfying the Schwinger gauge. Note, that in this 
gauge the components of the tetrad vectors 00 0,
kH H   are connected with the compo-
nents of the tensor ( )g xαβ  by the following relations:   
 
0
0 00
0 0 00
;
k
k gH g H
g
= − = − −
  . (79) 
The components 0kH  are identically zero,  
 0 0kH = . (80) 
For finding nmH  we introduce a tensor mnf  with the components 
 
0 0
00
m n
mn mn g gf g
g
= + . (81) 
The tensor mnf  satisfies the conditions 
 mn mnk kf g δ= . (82) 
Any three of three-dimensional vectors satisfying the relations written below will suit 
for the role of the quantities nmH   
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 m n mnk kH H f=  . (83) 
 
2) The general expression of the Hamiltonian H  is written: 
 ( ) ( ) ( )0 0 0000 00 00k k kkim i iH ixg g gγ γ γ γ γ∂= − + − Φ + Φ∂− − −       . (84) 
Here: 
 H βα αβγ γ=  , (85) 
 ;
1
4
H H Sε μνα μ νε αΦ = −   . (86) 
3) According to (75) 
 
1
1H H i
tη
ηη η η
−
− ∂= + ∂
   , (87) 
where the operator η  is determined by the relation 
 ( ) ( )1/41/4 00g gη = − − . (88) 
The expressions (87), (88) define the operator Hη , which is the searched Hermitian 
Hamiltonian in the η -representation.  
So,  
 
( ) ( ) ( )
( ) ( )
( ) ( ) ( )
0 0 0
000 00 00
00 00
0
00
H
ln lnln ln
.
44
k k
kk
k
k k
im i ii
xg g g
g gg gi i
x x t tg
η γ γ γ γ γ
γ γ
∂= − + − Φ + Φ∂− − −
⎧ ⎫ ⎧ ⎫∂ − ∂ −∂ − ∂ −⎪ ⎪ ⎪ ⎪− + + +⎨ ⎬ ⎨ ⎬∂ ∂ ∂ ∂− ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
     
 
 (89) 
The rules specified above are applied further on for finding Hamiltonians in the η -
representation for several stationary and non-stationary metrics.  
8. OPERATORS  OF  THE  HAMILTONIAN  IN  THE  η ‐REPRESENTATION 
FOR SOME METRICS 
 
8.1. METRIC USED IN THE WORKS [3], [4] 
 
Now let us consider the issue of constructing a Hamiltonian Hη  of the stationary metric 
in the following form   
 ( )2 2 2 2 2 2 2ds V dt W dx dy dz= − + + + , (90) 
where ,V W  is the function of spatial coordinates. We will use the system of tetrad vectors in the 
Schwinger gauge: 
 0 00 0
1 1, 0, 0,k k kk m mH H H HV W
δ= = = =    . (91) 
The wave function ψ  evolution is determined according to the Schrodinger equation: 
 ˆi H
t
ψ ψ∂ =∂ , (92) 
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where Hˆ  represents an operator of Hamiltonian (initial Hamiltonian). The explicit expression 
for the initial Hamiltonian Hˆ  according to [3] has the form: 
  , ,0 0 0 022
k kk k k
k
V VWV iH imV i i
W x W W
γ γ γ γ γ γ γ∂= − − ⋅ ⋅ − ⋅∂ . (93) 
In the considered case  
 3 00 1;g VW g
V
− = − = , (94) 
therefore 
 ( ) ( )1/41/4 00 3/2g g Wη = − − = . (95) 
In the η -representation the self-conjugate Hamiltonian Hη  is  
 1 0 0 0H 2
k k
k k
i V VH imV
x W W xη
η η γ γ γ γ γ− ∂ ∂⎛ ⎞= = − +⎜ ⎟∂ ∂⎝ ⎠
  . (96) 
The expression (96) was obtained without a supposition about the weakness of the gravitational 
field and it coincides with the self-conjugate Hamiltonian in papers [3]. 
 
8.2. SCHWARZSCHILD METRIC IN ISOTROPIC COORDINATES  
 
The Schwarzschild metric is obtained from the metric (90) when writing the Schwarz-
schild solution in isotropic coordinates. In our discussion we omit the procedure of the corre-
sponding coordinate transformation and show the results: for the transition of the function ,V W  
to isotropic coordinates a choice should be made according to the formulae (see, e.g., [3], [12]):  
 
21
2 ; 1
21
2
M
MRV W
M R
R
⎛ ⎞−⎜ ⎟ ⎛ ⎞⎝ ⎠= = +⎜ ⎟⎛ ⎞ ⎝ ⎠+⎜ ⎟⎝ ⎠
. (97) 
It follows from the expressions (96), (97) that the form of the Hamiltonian in the η -
representation is: 
 0 0 03 4 3
1 1 1
2 2 4H
1 1 12 2 2
k kk
k
M M M
MRR R Rim i i
M x RM M
R R R
η γ γ γ γ γ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠= − − ⋅⎛ ⎞ ∂⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
. (98) 
In the case of weak fields the expression (98) in the lower order of approximation be-
comes equal to  
 0 0 03H 1 1 2
k kk
k
M M MRim i i
R R x Rη
γ γ γ γ γ∂⎛ ⎞ ⎛ ⎞= − − − − ⋅⎜ ⎟ ⎜ ⎟ ∂⎝ ⎠ ⎝ ⎠ . (99) 
This expression coincides with that given in [1] (formula (58)). If necessary the exact expression  
(98) for the Hamiltonian can be expanded over the degrees of small parameter down to any in-
finitesimal order. 
 
 
8.3. SCHWARZSCHILD METRIC IN THE COORDINATES  ( ), , ,t r θ ϕ  
 
In this section we will write the Schwarzschild metric in the coordinates 
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 ( ) ( )0 1 2 3, , , , , ,x x x x t r θ ϕ≡ . (100) 
In these coordinates we have: 
 ( )22 2 2 2 2 221 sin21
M drds dt r d d
Mr
r
θ θ ϕ⎛ ⎞= − − + + +⎜ ⎟ ⎛ ⎞⎝ ⎠ −⎜ ⎟⎝ ⎠
. (101) 
For the metric determined by the quarter of the interval (101) we have:  
 4 2sing r θ= − ⋅ , (102) 
 
( ) ( ) ( )
1/44 2
1/41/4 00
1/4
1 1
2
sin
;
21
1 1 1 cos; .
22 2 sin1
r
g g
M
r
M
Mr r r
r
θη
η η θη η θ θ
− −
⎫⋅ ⎪= − − = ⎪⎛ ⎞−⎜ ⎟ ⎪⎪⎝ ⎠ ⎬⎪∂ ∂= − + ⋅ = − ⎪∂ ∂⎛ ⎞ ⎪−⎜ ⎟ ⎪⎝ ⎠ ⎭

  
. (103) 
Now we define the tetrad vectors in the Schwinger gauge. Their nonzero components are  
 
0 0 1 2 3
0 0 1 2 3
00 0 0 11 22 33
00 0 0 1 1 22 33
0 0 1 2 3
0 0 1 2 3
1 1 1; 0; 0; ; ;
sin
1; 0; 0; ; sin ;
1 1 1; 0; 0; ; ;
sin
1; 0; 0; ; sin .
k
k
k k
k k
k
k
H H H H f H H
r rf
H f H H H H r H r
f
H H H H f H H
r rf
H f H H H H r H r
f
θ
θ
θ
θ
⎫= = = = = = ⎪⋅ ⎪⎪= − = = = = = ⋅ ⎪
⎬
= − = = = = = ⋅
= = = = = = ⋅
     
     
     
     
⎪
⎪⎪⎪⎪⎪⎭
 (104) 
Here 21 Mf
r
≡ − . The nonzero Christoffel symbols are: 
 
0
2 0
0 0 0 0
2
2 0
2 0
0
;
01 2 1
1 1 1
1 ; ; 1 ;
00 11 222 2 1
1
sin 1 ;
33
2 2 3 31 1 cos; sin cos ; ;
12 33 13 23 si
r
rr
r
r r r rr
rr r rr
r
rr
r
r r
θ
θθ θ
⎛ ⎞ =⎜ ⎟ ⎛ ⎞⎝ ⎠ −⎜ ⎟⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= − = − = − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎛ ⎞⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠−⎜ ⎟⎝ ⎠
⎛ ⎞ ⎛ ⎞= − ⋅ ⋅ −⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = − = = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ .nθ
⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
 (105) 
Using the formula (16) we define the quantities 0Φ , kΦ .  
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0 0 12
1
2 1 2
3 2 3 3 1
2
0
1
2
1 1cos sin
2 2
M
r
f
f
γ γ
γ γ
θ γ γ θ γ γ
⎫Φ = ⋅ ⎪⎪Φ = ⎪⎪⎬Φ = − ⋅ ⎪⎪⎪Φ = − ⋅ + ⋅ ⎪⎭




 (106) 
Now we substitute (104) into the expression (84) for H . 
 
0 0 1 2 3
0 0 1 1 2 2 3 3
1 1
sin
1 1 .
sin
H im f i f f
r r r
i i f f
r r
γ γ γ γ γθ θ ϕ
γ γ γ γ θ
⎧ ⎫∂ ∂ ∂= − + +⎨ ⎬∂ ∂ ⋅ ∂⎩ ⎭
⎧ ⎫− Φ − Φ + Φ + Φ⎨ ⎬⋅⎩ ⎭

   
. (107) 
After using the formulae (106) we have: 
 
0 0 1 2 3
0 1 0 1 0 22
1 1
sin
cos .
2 2 sin
H im f i f f
r r r
i fM ifi
r r r
γ γ γ γ γθ θ ϕ
θγ γ γ γ γ γθ
⎧ ⎫∂ ∂ ∂= − + +⎨ ⎬∂ ∂ ⋅ ∂⎩ ⎭
− ⋅ − − ⋅

 (108) 
We substitute (108) and (103) into the formula (87). 
 0 0 1 2 3 0 1
1 1H
sin 2
i fim f i f f
r r r rη
γ γ γ γ γ γ γθ θ ϕ
⎧ ⎫∂ ∂ ∂ ∂= − + + − ⋅⎨ ⎬∂ ∂ ⋅ ∂ ∂⎩ ⎭ . (109) 
The expression (109) is an operator of the Hamiltonian in the η -representation. It is easy to see 
that this operator is Hermitian ( H Hη η
+= ).  
Note, that the expressions (109) and (98) are equivalent to each other, only one and the 
same Hamiltonian is written in different reference frames. 
 
8.4. FRIEDMANN MODELS 
 
Now let us consider the Schrödinger equation in the case when the space is homogeneous 
and isotropic, and hence, it is described by some solution of the Friedmann model. We restrict 
ourselves by two elementary solutions – the cosmologically flat and the open Friedmann models 
[11]. 
COSMOLOGICALLY FLAT FRIEDMANN MODEL  
 
The nonstationary metric which corresponds to the cosmologically flat Friedmann solu-
tion is determined by the relation: 
 2 2 2 2 2 2( )ds dt b t dx dy dz⎡ ⎤= − + + +⎣ ⎦ . (110) 
The Christoffel symbols corresponding to (110), are: 
 
0 0 0
0; 0; ;
00 0
0; ; 0.
00 0
mn
m
n
bbg
k mn
k m kb
n mnb
δ
⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = ⎪⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎪⎬⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎪= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎭

  (111) 
19 
 
The tetrad vectors H αα  in the Schwinger gauge are determined according to their relation (11) 
and by using the expression (110). 
 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )
( )
0 1 2 3
0 1 2 3
0 1 2 3
0 1
1,0,0,0 ; 0, ,0,0 ; 0,0, ,0 ; 0,0,0, ;
1,0,0,0 ; 0, ,0,0 ; 0,0, ,0 ; 0,0,0, ;
1 1 11,0,0,0 ; 0, ,0,0 ; 0,0, ,0 ; 0,0,0, ;
11,0,0,0 ; 0,
H H b H b H b
H H b H b H b
H H H H
b b b
H H
α α α α
α α α α
α α α α
α α
= = = =
= − = = =
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
= =
   
   
   
 
2 3
1 1,0,0 ; 0,0, ,0 ; 0,0,0, .H H
b b b
α α
⎫⎪⎪⎪⎪⎬⎪⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎪= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎭
 
 (112) 
Calculating the component αΦ  using (110)-(112) gives : 
 
0
0
0
1
2k k
b S
b
⎫Φ = ⎪⎬Φ = ⋅ ⎪⎭

 . (113) 
Now we substitute the expressions (113) for the components αΦ  into the Hamiltonian and get: 
 0 0
3
2
k
k
i bH im i
x b
γ γ γ ∂= − −∂
    . (114) 
Since in this case 
 0 0
1 1; k k kb b
γ γ γ γ γ= = =  , (115) 
The Hamiltonian (114) can be written in the following form 
 0 0
3
2k k
i i bH im
b x b
γ γ γ ∂= − −∂
 . (116) 
Then we will get the Hamiltonian of the considered system in the η -representation. The 
Parker weight operation and the operator η  are: 
 
30 3 2
0 ;g b bρ γ γ η= − = =   . (117) 
Then  
 ( ) ( )1 1 0 0H Hk kiH i imt b t xη ηηη η η γ γ γ− − +∂ ∂= + = − =∂ ∂   . (118) 
According to the result of Section 6 after the transition to the η -representation the ini-
tially non-Hermitian Hamiltonian (114) is transformed into a self-conjugate Hamiltonian (118) 
with the corresponding flat scalar product. 
The operator of the Dirac particle energy in the η -representation is  
 ( )H
2
2 2
2E m .b tη
= = + p  (119) 
In the expression (119) k kp i x
∂= − ∂  represents the components of the Dirac particle momentum.  
OPEN FRIEDMANN MODEL  
 
Let us consider the case of the open Friedmann model in the coordinates:  
 ( ) ( )0 1 2 3, , , , , ,x x x x t χ θ ϕ= . 
For this model the nonstationary metric has the form:  
 ( )2 2 2 2 2 2 2 2( ) sh sinds dt a t d d dχ χ θ θ ϕ⎡ ⎤= − + + +⎣ ⎦ . (120) 
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The nonzero Christoffel symbols corresponding to the metric (120) have the form: 
 
2
0 0 0
0; 0; ;
00 0
1
0; ; sh ch ;
00 0 22
1 2 3ch chsh ch sin ; ; ;
33 12 13sh sh
2 3
sin cos ; ctg .
33 23
mn
m
n
aag
k mn
k m a
n a
δ χ χ
χ χχ χ θ χ χ
θ θ θ
⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = ⎪⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎪⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎪= = = − ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎬⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎪= − ⋅ ⋅ = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎪⎪⎛ ⎞ ⎛ ⎞= − = ⎪⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎭


 (121) 
The nonzero components of the tetrad vectors H αα  in the Schwinger gauge are: 
 
{
{
0 1 2 3
0 1 2 3
00 11 22 33
0 1 2 3
1 2 3
00 1 1 22 33
1 1 11; ; ; ;
sh sh sin
1; ; sh ; sh sin ;
1; ; sh ; sh sin ;
1 1 11; ; ; .
sh sh sin
H H H H
a a a
H H a H a H a
H H a H a H a
H H H H
a a a
α
χ χ θ
χ χ θ
χ χ θ
χ χ θ
⎫⎧ = = = =⎨ ⎪⋅ ⋅ ⋅⎩ ⎪⎪= − = = ⋅ = ⋅ ⋅ ⎪⎬= = = ⋅ = ⋅ ⋅ ⎪⎪⎧ ⎪= − = = =⎨ ⎪⋅ ⋅ ⋅⎩ ⎭
   
   
   
   
 (122) 
The operator η  is 
 ( ) ( ) ( )1/4 1/41/4 00 6 4 2sh sing g aη χ θ= − − = . (123) 
The quantities 
1
kx
ηη
−∂
∂
 , required for finding the Hamiltonian in the η -representation are:  
 
1 1 11cth ; ctg ; 0
2
η η ηη χ η θ ηχ θ ϕ
− − −∂ ∂ ∂= − = − =∂ ∂ ∂
     . (124) 
Calculation of the components of αΦ  using the expression (122) and (121) shows that 
 
0
1 0 1
1 2
2 0 2
3 1 23
3 0 3
0,
,
2
1sh ch ,
2 2
1 1sh sin ch sin cos .
2 2 2
a
a S
a S S
γ γ
χ γ γ χ
χ θ γ γ χ θ θ
⎫Φ = ⎪⎪Φ = ⋅ ⎪⎪⎬Φ = ⋅ − ⋅ ⎪⎪⎪Φ = ⋅ + ⋅ ⋅ − ⋅ ⎪⎭




 (125) 
Calculation of the Hamiltonian H  gives: 
 
0 0 1 0 2 0 3
0 1 0 2
1 1 1
sh sh sin
ctg 3cth .
2 sh 2
H im i i i
a a a
i i ai
a a a
γ γ γ γ γ γ γχ χ θ χ θ ϕ
θχ γ γ γ γχ
∂ ∂ ∂= − − −∂ ⋅ ∂ ⋅ ⋅ ∂
− ⋅ − ⋅ −

  (126) 
Now we calculate the operator Hη , using (89), (123) and (124). We have: 
 0 0 1 0 2 0 3
1 1 1H .
sh sh sin
im i i i
a a aη
γ γ γ γ γ γ γχ χ θ χ θ ϕ
∂ ∂ ∂= − − −∂ ⋅ ∂ ⋅ ⋅ ∂  (127) 
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The quantity Hη , determined by the relation (127), is a Hamiltonian in the η -representation for 
the Dirac particles in the open Friedmann model. After transition to the η -representation the ini-
tially non-Hermitian Hamiltonian (126) is transformed into a self-conjugate Hamiltonian (127) 
with the corresponding flat scalar product.  
The operator of the energy for a particle moving in the χ -direction is: 
 ( )
2
2 2
2HE m a t
χ
η= = + p . (128) 
Here iχ χ
∂= − ∂p . 
Denote  
 0 0
0
( )( )sh sh ( ) sh ( )a ta t a b t a b t r
a
χ χ χ= = = , (129) 
where 0( ) 1b t = . The zero indices correspond to the present time ( )0t t≤ . 
If at the present time the radius of the Universe spatial curvature tends to infinity 
( )0a →∞ , then  
 0r a χ≈ . (130) 
In this case the Hamiltonian (127) becomes equal to  
 
( )
0 0 1 0 2 0 3
0 0
1 1 1H
( ) ( ) ( ) sin
1 .
( )k k sph
im i i i
b t r b t r b t r
im i
b t
η γ γ γ γ γ γ γθ θ ϕ
γ γ γ
∂ ∂ ∂= − − − =∂ ∂ ∂
= − ∇
 (131) 
In the expression (131) the quantity ( )k sph∇  represents the gradient components in the 
spherical reference frame. Apparently, in the Cartesian frame of reference the Hamiltonian (131) 
coincides with the Hamiltonian (118) for cosmologically flat Friedmann model.  
The physical implication of the Hamiltonians (118), (131) for the Dirac particles in the 
expanding Universe will be presented in the next work of the authors. The major results are as 
follows: 
1) The Hamiltonians (118), (131) do not result in additional cosmological shift of the 
atomic spectral lines when the interaction with electro-magnetic field is taken into account. It is 
consistent with the modern cosmological model, CDMΛ  (“concordance model”).  
2) The Universe expansion results in the cosmological change of the interaction forces of 
elementary particles.  
 
9. CONCLUSIONS 
 
The results of the present work allow us to draw a conclusion that the problem of unique-
ness and self-conjugacy of the Dirac Hamiltonians in arbitrary gravitational fields, both station-
ary and time dependent, is solved. 
The unique properties of the Parker weight operator 00gρ γ γ η η+= − =  allow obtaining 
in the η -reprsentation uniquely self-conjugate Hamiltonians of Dirac particles in arbitrary gravi-
tational fields. 
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This conclusion is true both for the case of fulfillment the pseudo-Hermiticity condition 
(2), when the initial Hamiltonian is Hermitian with respect to the Parker scalar product (station-
ary gravitational fields) and in the case of violation of the condition (2), when the initial Hamil-
tonian is non-Hermitian with respect to the Parker scalar product (nonstationary gravitational 
fields). In the latter case the transition of the system of tetrad vectors in the Schwinger gauge is 
required for obtaining self-conjugate Hamiltonians of Dirac particles.  
The scalar products in the η -representation are flat which allows using conventional ap-
paratus of the Hermitian quantum mechanics. Evidently the observed physical quantities in the 
initial representations should be properly transformed at the transition to the η -representation 
( )1O Oη η−→ . 
Basing on the presented discussion the rules (the general algorithm) for finding the Ham-
iltonian in the η -representation, which are applicable for any kind of gravitational field, are for-
mulated in Section 7. The general approach is demonstrated at the deriving the equations for the 
Dirac Hamiltonian for stationary metric considered in paper [3], stationary Schwarzschild solu-
tion in isotropic coordinates and in the coordinates ( ), , ,t r θ ϕ , as well as for nonstationary cos-
mologically flat and the open Friedmann models.  
REFERENCES 
 
[1] M. V. Gorbatenko, V. P. Neznamov. Phys. Rev. D82, 104056 (2010); arXiv: 
1007.4631v1[gr-qc].  
[2] F. W. Hehl and W. T. Ni. Phys. Rev. D42. 2045 (1990). 
[3] Yu. N. Obukhov. Phys. Rev. Lett. 86, 192 (2001); Forschr. Phys. 50, 711 (2002); arXiv: 
gr-qc/0012102. 
[4] Yu. N. Obukhov, A. J. Silenko, O. V. Teryaev. Phys. Rev. D80, 064044 (2009), arXiv: 
0907.4367v1[gr-qc]. 
[5] L. Parker. Phys. Rev. D22. 1922 (1980). 
[6] Xing Huang, L. Parker. Phys. Rev. D79, 024020 (2009); arXiv: 0811.2296v1[hep-th]. 
[7]  C. M. Bender, D. Brody and H. F. Jones. Phys.Rev.Lett. 89, 2704041 (2002); Phys. Rev. 
D70, 025001 (2004). 
[8]  A. Mostafazadeh. J.Math Phys. (N.Y.) 43, 205 (2002), 43, 2814 (2002), 43, 3944 (2002); 
arXiv: 0810.5643v3[quant-ph]. 
[9] B. Bagchi, A. Fring. Phys. Lett. A 373, 4307 (2009), arXiv: hep-th/0907.5354v1. 
[10] J. Schwinger. Phys. Rev. 130 (1963) 800-805. 
[11] L. D. Landau and E. M. Lifshitz. The Classical Theory of Fields. Pergamon Press, 
Oxford (1975). 
23 
 
[12] A. Lihgtman, W. Press, R. Price, S. Teukolsky. Problem Book in Relativity and 
Gravitation (Princeton University Press, Princeton, New Jersey, 1975). 
